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1 Introduction

In the context of random matrix combinatorics, a map of genus g is an equivalence class of graphs embedded
in a genus g oriented surface. A map can be thought of as realization of a random piecewise flat surface; in
this interpretation, polygonal faces with equal area are glued together along their edges to form a surface
with the same incidence relations as the map [12]. In my dissertation I derive new formulas for generating
functions eg(t) enumerating these maps.

Several authors [7],[5],[15],[16] have considered the problem of giving explicit formulas for eg in terms of
a generating function z(t) for maps of genus 0 with two “legs”. Although this problem can be approached
from a purely combinatorial point of view [21], it has a fascinating connection to random matrices [7],[14].
The generating functions eg are coefficients in the expansion of a random matrix partition function as the
size of the matrix goes to ∞. It is from this point of view that we approach the problem.

My results are new and more general explicit formulas for generating functions eg, valid for arbitrary
specifications of numbers of edges meeting at each vertex. I give three different methods for computing
these “valence independent” formulas. The first is through a continuum limit of string and Toda equations,
extending the work of Ercolani, McLaughlin and Pierce in [15]. The second is through the loop equations,
extending the work of Ambjorn et. al. [5]. The third is by explicitly computing higher order asymptotics of
orthogonal polynomials by the Riemann Hilbert method of Deift and Zhou [10].

2 Background

Bessis, Itzykson and Zuber discovered a surprising connection between graphical enumeration and random
matrices [7]. Consider the following probability distribution on random N ×N Hermitian matrices M .

dPN (M) =
1

ZN (t)
e−N trV (M) dM, V (M) =

1

2
M2 +

∑d

j=1
tjM

j (1)

The function V is called the potential. If t = 0 so that V (M) = 1
2M

2, then (1) becomes the Gaussian
Unitary Ensemble (GUE). The partition function ZN (t), which normalizes dPN (M) to be a probability
measure, plays a central role. The authors of [7] use a potential V (M) = 1

2M
2 + tM4. Assuming that the

logarithm of the partition function has an asymptotic expansion in even powers of the matrix size, it it shown
in [7] that the coefficients eg(t) are generating functions for counts of genus g maps with 4 edges meeting at
each vertex (“4-valent maps”).

log
ZN (t)

ZN (0)
∼N2e0(t) + e1(t) +N−2e2(t) + . . . as N →∞, (2)

eg(t) =
∑

Γ∈ 4 valent
genus g maps

(−t)#vertices of Γ

(#vertices of Γ)!
(3)

The power 4 in V (M) = 1
2M

2 + tM4 corresponds to four edges meeting at each vertex; if the perturbation
is changed to tM j for some other natural number j, then the functions eg enumerate j-valent maps.
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One of the cornerstones of random matrix theory is Wigner’s semicircle rule, which states that as N →∞,
the mean density of eigenvalues for the GUE converges to a (squashed) semicircle. For an interval (a, b),

lim
N→∞

1

N
E [# eigenvalues in (a, b)] =

∫ b

a

1

2π
1[−2,2](λ)

√
4− λ2 dλ. (4)

This idea can be generalized to the random matrices defined by (1): as N → ∞, the mean density of
eigenvalues will converge to a function called the equilibrium measure [10]. Wigner’s semicircle rule states
that the equilibrium measure corresponding to the potential V (λ) = 1

2λ
2 is the semicircle distribution (4).

For the GUE, the equilibrium measure is supported on the interval [−2, 2]. We are interested in the more
general case of a matrix ensemble (1), such that the support of the equilibrium measure is some interval
[u− 2

√
z, u+ 2

√
z]. The functions u(t), z(t) play a critical role in the enumeration of maps. Bessis, Itzykson

and Zuber [7] gave formulas for e0, e1 and e2 as logarithmic and rational functions of z. The function z turns
out to be a generating function enumerating maps on the sphere with two extra univalent vertices, which
are called legs.

A rigorous proof of the existence of the 1/N2 expansion of logZN was first given by Ercolani and
McLaughlin [14]. This proof was based on asymptotic analysis of the Riemann Hilbert problem for orthogonal
polynomials (which was first posed by Fokas, Its and Kitaev [18]).

Ercolani, McLaughlin and Pierce used continuum limits of string and Toda equations to study recurrence
coefficients an and bn for a family of orthogonal polynomials associated with the random matrix ensemble
[15],[16]. In these continuum limits, the ratio of the index n over the matrix size N (as both of these go to∞
together) is replaced by a continuous variable x. The variable x has a combinatorial interpretation: ∂kx=0eg
is a generating function for genus g maps with exactly k faces. The coefficients an and bn are related to the
equilibrium measure by

lim
n→∞

an =u, (5)

lim
n→∞

b2n =z. (6)

3 Results

Consider the case of a potential V (M) = 1
2M

2 + tM j with emphasis on the more difficult case where j is
odd. This corresponds to enumerating maps with j edges meeting at each vertex. By equipping the matrix
model with an auxiliary variable to count the edges of maps, and constructing a Toda type equation in this
variable, I derived PDE’s for the variables u and z.

u+ jt∂tu =2∂x(uz) (7)

2z + jt∂tz =z∂x(u2) + ∂x(z2) (8)

Here x is the spatial variable appearing in Ercolani, McLaughlin and Pierce’s continuum limit of the Toda
lattice. I gave a second derivation of these equations using the k = 0 Virasoro constraint of [3]. Using (7),(8)
I derived a formula for e0 valid for arbitrary odd or even valences

e0 =
1

2
log z +

(j − 2)2

4j(j + 2)

(
(z − 1)

(
z − 3j + 6

j − 2

)
+ 2u2

(
z − j + 1

j − 2

))
. (9)

This generalizes the formulas given in [15] for even valences, and in [16] for valence 3.

I also considered the case of a general polynomial potential V (M) = 1
2M

2 +
∑d

j=1 tjM
j . In this case

the generating functions eg enumerate maps where up to d edges meet at vertices, and not necessarily the
same number at each vertex. Using continuum limits of string and Toda equations, I found formulas for
the generating functions e1 and e2 in terms of u, z and x-derivatives. These formulas hold for arbitrary
polynomial potentials. For example

e1 =
1

24
log

(∂xu)2z − (∂xz)
2

z2
. (10)

For g ≥ 2, I was able to give an algorithm to compute formulas like (10) for eg valid for arbitrary polynomial
potentials. This can be stated as

2



Theorem 1. For each g ≥ 2 there exists an exponent rg ∈ N and a polynomial Pg in the variables
{∂mx z, ∂mx u : m ≥ 0} such that

eg =
Pg(u, z, ∂xu, ∂xz, . . .)

((∂xz)2 − z(∂xu)2)
rg . (11)

In the special case of a potential V (M) = 1
2M

2 + tM j , I showed how to express derivatives ∂mx u, ∂
m
x z in

terms of u, z, j. Thus for example from (10) it follows that

e1 =
1

24
log

4− u2/z

(j − (j − 2)z)2 − (j − 2)2u2z
. (12)

This holds for all j (even or odd) and restricts to the formula given by Ercolani, McLaughlin and Pierce [15]
when j is even.

It is shown in [11] that one can recursively calculate higher order asymptotics of orthogonal polynomials
by analyzing a Riemann Hilbert problem. These calculations require iterated contour integrals involving the
equilibrium measure ψ(λ) dλ. I derived a formula for the polynomial part h(λ) of the equilibrium measure
in terms of u, z and x-derivatives [23]. In the case of an even potential, this formula becomes

ψ(λ) =
1

2π
1[−2

√
z,2
√
z](λ)

√
4z − λ2 h(λ), (13)

h(λ) =
∑
k≥0

(
λ− 2

√
z
)k k∑

m=dk/2e

23m−2k

(2m+ 1)!!

(
m

k −m

)
zm−k/2

(
1

∂xz
∂x

)m
1

∂xz
. (14)

Using this to explicitly evaluate the contour integrals, I showed how to derive valence independent formulas
for the generating functions eg directly from the Riemann Hilbert problem for orthogonal polynomials [23].

Ambjorn et. al. [5], and later Eynard [17], used loop equations to compute random matrix correlators.
The name “loop equation” comes from an interpretation of the correlators as generating functions for maps
on surfaces with loop-shaped boundaries. These correlators are functions built from Cauchy transforms of
marginal distributions for the measure on eigenvalues. I derived a formula for ∂xeg in terms of contour
integrals of coefficients from an asymptotic expansion of the first correlator. Using this together with a
valence independent formula for the equilibrium measure, I have shown that valence independent formulas
for eg can also be derived from the loop equations.

4 Future directions

I have given three different pathways for computing valence independent formulas for eg. Using these
methods, I hope derive an explicit formula for eg with g an arbitrary positive integer. Although this would
require significant new ideas, intermediate results in this direction are within reach; for example, it should
be possible to give an analogue of Ercolani’s theorem 1.3 in [?] valid for odd valences.

Bleher and Deano [9] used a Riemann-Hilbert approach is used to study a double scaling limit in the
unitarily invariant matrix model with potential 1

2M
2 + tM3. This scaling limit is relevant to 2d quantum

gravity. In [?] this double scaling limit is explored for the potential 1
2M

2 + tM4 and it is conjectured that,
using parametrices associated with higher Painleve I functions, a Riemann Hilbert approach could be used
to study the double scaling limit for more general potentials.

There are other classes of map generating functions associated with random matrices; for example the
colored triangulations considered in [1], unoriented ribbon graphs considered in [20], or even higher dimen-
sional simplicial complexes associated with random tensors of more than two indices [6]. It has not yet been
explored whether my methods can be applied to these problems.

Unitarily invariant random matrix theory can be interpreted from the perspective of Sato Grassmanian
theory of the KP equation. This was shown Adler, VanMoerbeke and Shiota in a sequence articles including
[3],[2]. For the matrix ensembles considered above, at each value of n the partition function is a KP τ -
function. Let me describe a project I have been planning, but not had time to pursue. The problem
is to apply the methods from Adler, Shiota and van Moerbeke’s article [4], together with ideas from the
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recent work of T. Tsuda [22] to generalize the results of Forrester’s article [19] to the case of a polynomial
potential. Forrester showed that gap probabilities for finite size GUE matrices are τ -functions for a Painleve
IV equation (with parameters depending on the matrix size), and then showed that as N → ∞ the Tracy-
Widom distribution for largest GUE eigenvalue is obtained as a Painleve II equation coalesces from a limit
of Painleve IV equations. T. Tsuda [22] showed in a systematic way how Painleve equations arise as scaling
reductions of integrable PDE’s. In a sequence of articles including [3], [2], [4], Mark Adler, P. van Moerbeke
and T. Shiota used the Sato theory of KP equations to study gap probabilities for polynomial potential
random matrix ensembles. They showed how symmetries of the Toda lattice (which governs the recurrence
coefficients for orthogonal polynomials apearing in the Christoffel-Darboux kernel) are equivalent to Virasoro
constraints for gap probabilities. These Virasoro constraints are PDE’s for the probability of a gap in the
spectrum as a function of the endpoints of the gap and the time parameters of the potential.
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